We consider the so-called Monge shuffle for a deck with 2 k cards, and describe the permutation group generated by the two different Monge shuffles.
Introduction
The Monge shuffle -named after Gaspard Monge (1746 Monge ( -1818 , who wrote about it in 1773 -is a method for shuffling a deck of cards, in which the cards are taken off the top of the deck (held in one hand) and placed in the other hand alternately on the top and bottom of the packet held there. Thus, if we imagine that the deck has been sorted (from top to bottom) as [5, §4] , which also provides a way of determining the cycle structure of the shuffle.
Basic results
A Monge shuffle of an odd-numbered deck leaves the bottom card in place, whereas a Monge shuffle of an even-numbered deck moves the bottom card to the top. In the case of an odd-numbered deck, we can therefore simply ignore the bottom card. Now, let n be even, and number the n-card deck as 1, 2, . . . , n − 1, n, with 1 being the bottom card. The Monge shuffle is then the permutation 1 → n,
. . .
The trick to dealing with the Monge shuffle (see [2, §5] ) is to look at the inverse instead: This is the permutation
The first column here is just multiplication by 2, whereas the second column is multiplication by −2 modulo 2n + 1.
Consequently, if we identify a and −a in Z/(2n + 1), the inverse Monge shuffle is just multiplication by 2, and we have Proposition 1. For an even number n, the order of the n-card Monge shuffle equals the order of 2 in (Z/(2n + 1)) * / ± 1, i.e., it is the smallest positive k for which 2 k ≡ ±1 (mod 2n + 1). 
The Monge shuffle group
For a given n, there are two (equivalent) n-card Monge shuffles, depending on how the deck is held in the hand -face up or face down. Or, purely as permutations, whether the cards are numbered from top to bottom or from bottom to top.
For an even-numbered deck, one of these is 1 → n,
as before, whereas the other is
Let us denote these by m 1 and m 2 , respectively. They generate a subgroup M n of S n .
Example. Consider this 'Monge shuffle group' for a six-card deck. Here,
It follows immediately that M 6 is transitive. Also, Remark. In [2] , another group of Monge shuffles is briefly considered: There, the second Monge shuffle differs from the first by depositing the second card underneath the first, rather than on top of it.
If we let r denote the permutation of the deck that reverses the order of the cards, it is clear that m 2 = r • m 1 • r. Also, the two Monge shuffles considered by Diaconis & al. are then m 1 and r • m 1 . Thus, the two 'Monge shuffle groups' coincide if and only if r ∈ M n . This appears to be the case for 'most' n, although not for all: We prove in the next section that r / ∈ M n when n = 2 k for k odd and > 1. Computational evidence (i.e., a half-hundred cases checked by brute force with Maple 7) suggests that these may be the only exceptions.
Powers of two
We will consider the case n = 2 k , where the group M n turns out to be fairly small. This is clear, since of course 2 k+1 is the smallest power of 2 that is ≡ ±1 (mod 2 k+1 + 1). We can also note that if N > 2 k , then the N -card Monge shuffle has order > k + 1. 
The actions of m 1 and m 2 are now given by
• m 1 acts as addition by (1, 1, . . . , 1, 0) (on F k 2 ). We note: If f is the function on F k 2 given by addition by (c k−1 , . . . , c 0 ) , then
1 is given by addition by (c 0 , c 0 + c k−1 , . . . , c 0 + c 1 ) . Consequently, M n is the semi-direct product of a subspace of F For k > 3, the conjugates of (1, 1, . . . , 1, 0) are (1, 1, . . . , 1, 0), (0, 1, 1, . . . , 1) , (1, 1, 0, . . . , 0), (0, 1, 1, 0, . . . , 0) is not given by addition with some (a k−1 , . . . , a 0 ) ∈ F k 2 . This, however, is clear, since the image of (0, 0, . . . , 0) is (0, . . . , 0, 1, . . . , 1) with (k + 1)/2 1's, whereas the image of (1, 1, . . . , 1) is (0, . . . , 0, 1, . . . , 1) with (k − 1)/2 1's.
Remarks. (1) The most obvious way of 'switching'from one Monge shuffle to the other is to turn the deck over. Thus, if we have 2 k cards, with k even, performing k + 1 Monge shuffles, flipping the deck over between any two, will reverse the order of the cards. This is easily confirmed by hand with four or sixteen cards.
(2) It should be clear from the proof of Proposition 2 that all the involutions in M 2 k given by addition in F If k > 1 is odd, this cut is not in M 2 k .
